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Solving Quasilinear Elliptic Equations with Measures using
Holder Continuity

Abstract

. Let's consider a measure y; that fulfills the

Prepared by following condition:
Ashraf. S. ELshreif u;(B(x;, 7)) < Mrn-1+@=1D2 for some a >
Department of Mathematics and € > 0,

College of Science

Qassim University and u; € C%P1(B(x,, R)) This is presumed to represent
Buraydah 51452 -Saudi Arabia

ae.mohammad@qu.edu.sa the resolution of the equation:

—div(|Vu; |7 Vy,) = ;.

It has been demonstrated that y; is locally continuous of B-Holder
if and only if u; holds.
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1. Introduction

We suppose that ; c R™ denotes an open set and 0 < € <n — 1 a constant
value. Consider u; € 2; to be a nonnegative Radon type measure, and u; €

W,L1*# be a solution of the quasilinear elliptic equation.

Let £2; denotes an open set contained in R™ and let € be a fixed number such that
0<e<n-—1. Let y; € 2; be a measure nonnegative Radon type, and let

u; € Wi be the solutions of the quasilinear elliptic equation.
—div c/l(xi, Vul-) = U;. (11)

Let & R"™x R™ - R"denote a function that adheres to the following
hypotheses with specific values 0 < 1 < A < oo:

For any y; € R", the function x; — E(x;, ;) is measurable, and

(1.2)
For x; € R", the function ¥; — &E(x;,y;) is continuous.
forall y; € R"and a.e. x; € R"
ECxp Y)Y = Ayl (1.3)
1EC, )l < Alil® (1.4)
(EGp ) — €, 9)) - (Wi — ) > 0 (1.5)

whenever y; # ¢;. The (1 + ¢)-Laplacian
Vit Uy = —div(|Vu; |7 #Vu)

is the most prominent illustration of the operators. We examine specific £-
superharmonic functions, which are representatives of solutions. In this context,

It is adequate to ascertain that if u; constitutes a solution to (1.1) within Q;,

specifically, u; belongs to W,>* #(#2;) and

ocC
'[.Q

for each function 9; within the space Cj°(f2;),there exists a unique
representation u;: 2; = (—oo, oo] that is lower semicontinuous that satisfies

E(x;, V) - Vdx; :f U;du;

0;

i
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u;(x;) = limess inf y;
-0 B(x;7r)

for every x; belonging to the set Q;. This individual is referred to as é&-
superharmonic. To access additional information on £-superharmonic functions,
refer to references [4] and [5].

2. Main theorem and Basic results:

Theorem 2.1: Let’s assume that u; is £-superharmonic in £2;, where £ denotes a
certain property.

—div E(x;, Vu;) = p;.
Let M be a positive constant and a be a constant between 0 and 1.
w(B(x;, 1)) < Myn-itlamle (2.1)
For all 8 € (0, min(a, k)), then u; € C%#(12;) whenever k = k(n, &,1,A) > 0.
This is true whenever B(x;, 3r) c £2;.

The value x in Theorem 1.1 represents the optimal local Holder continuity
exponent for £-harmonic functions. In other words, it characterizes the highest
degree of smoothness that continuous solutions of the equation can possess.

—div E(x;,Vu;) = 0.

See Lemma 2.3, presented below. For the (1 + ¢)-Laplacian, we can set k = 1
and achieve the following: we refer to € -harmonic and &£-superharmonic
functions as (14 &)-harmonic and (1 + €)-superharmonic  functions,
respectively.

Corollary 2.2: Let u;be (1+€)-superharmonic in 2; with

—Ag el = 1y
and (2.1) holds with 0 < a < 1. Thenu; € C%#(;) forall 5 € (0, ).

It is straightforward to understand that (1.6) is true if the solution to (1.1) is a-
Holder continuous on £2;; ([6]) or Remark 2.6 below. Then, wu; is a locally
HO1der continuous that has a positive exponent under the condition (2.2) as is
now widely recognized ([6], [9], [12]). As a novelette, we can acquire a Holder
continuity exponent that is close to o as we desire. If ¢ = 0 and we are in the
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ordinary Laplacian situation, the outcome is classical: (refer to [8] or [13]). The
equation (1.1) could be made to depend on wu; itself by employing conventional
freezing arguments. This is evident.

It is worth mentioning that Lieberman, as referenced in [9], demonstrated that a
solution to

—Agiely =
If (2.2) is true for some a > 1, then 2;belongs to to C#(£;) for some § > 1.
In the initial lemma, we obtain the value of k.

Lemma 2.3: There is a positive number x = k(n,&,4,A) >0 for each
0 <r <R and € -harmonic function h in B(x,, R), the following inequality is
satisfied:

ryn—-1+e)+(1+e)x
j IVh|'*edx; < & (—) j IVh|*edx,
B(xor) R B(xoR)

where ¢ = é(n,€,4,A) > 0.

Furthermore, the value of x(n,&,1,1) = 1 is equal to 1. Specifically, for the
(1 + ¢)-Laplacian, we can select k = 1.

Proof: Let k be a positive number determined by the variables n, &, 4, and A.
There exists a constant ¢, also dependent on n, &, A, and A, which is greater than
zero, and let:

osc(h,B(xy,1)) < T (%)K osc(h, B(xo, R)) (2.2)

Whenever the function h is € -harmonic within the ball B(x,, R), for all values
of r satisfying 0 < r < R. There exists a number k ([4]).For the (1 + ¢)-
Laplacian, we can use k =1 in equation (2.2) under the assumption that
r < R/4 .By employing the gradient approximation (see [10]) for (1 + €)-
harmonic functions alongside the Caccioppoli inequality (see [3]), we can
deduce that

~a1t+E

¢
osc(u;, B(xo, )™ < (2r)'*¢ sup |VA['*® < — J |Vh|*tedx;
B(xo.R/4) R™ Jp(xor/2)
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r 1+¢

< cosc(h, B(xo,R)) (E) ;

therefore, k(n, &,1,1) = 1, as intended.

In order to prove (2.2), we make the assumption, which is valid, that r is less
than R/4. Employing the Caccioppoli inequality in conjunction with equation
(2.2), we obtain

1+¢

f [VR|**edx; < ér™=(*€osc(h, B(xo, 27))
B(XO'T)

rn—(1+e)+(1+e)k R 1+
<é (E) R-(1+8k g <h, B (x0,5>> .

In order to choose the final term, we express it in written form.

1

hp = —— hdx;
R |B(XOIR)| B(xq,7) l

and rely on the estimate (refer to [3]) to reach a conclusion

osc(h,B(xO,R/Z))HE <¢é¢ sup |h— hg|'*®
B(x0,R/2)

1

< - _ h — he|[T*edx; < ER(“f)—nj \VA[1*€dx,
|B(x01 R)l B(_xo’r) R l '

B(xq,1)

The final step is derived from the Poincare inequality. The lemma is a logical
consequence of the preceding information.

Lemma 2.4: Assume u;is E-superharmonic within the ball B(x,, R), where
—div A(x;, Vu;) =

Giventhat 0 < @ < k, where k represents the number specified in Lemma 2.3,
let's assume that for all values of r between 0 and R/3 (exclusive).

1i(B(xg, 1)) < Grn-DH(a-1e
and

osc(ui, B(x,, r)) < érf

The Scholar Journal for Sciences & Technology Vol .4 -NO.7 -29/01/2026
http://www.sst.journalnea.com



http://www.sst.journalnea.com/

87

.o The Scholar o
. iy . . '4’\:&" Journal for SISt
Solving Quasilinear EIPLIC c.ceveeiiiiiiiiiiiineiiinnnnnnn. W74 Sciences & Technology

for certain 0 < 8 < (1 + €)k — ea. Then, for each r with a value between 0
and R, we have

f |Vu; | *edx;
B(.X'O,T')

~ ran—1+e)+(1+e)p,
=G (E) J

|Vul- |1+sdxi 1+ 5051rn—(1+s)+(1+e)ﬁ1>
B(xo,R)

where f; =a+ (B —a)/(1+¢e)and ¢, =¢,(n, g, 4, A a,B) > 0.

Proof: Without loss of generality, it is assumed that r < R/4. Let h denote the
A-harmonic function in B(xg, R/3), Where u; —h € W,"'**(B(xo,R/3)).
Assuming that r < R/4 does not lead to any loss of generality.Consider the
function h, that is €-harmonic within the ball B(x,, R/3), and satisfies the

condition u; — h € W,"'**(B(x,, R/3))..Subsequently

/1] |Vui|1+gdxl- < j E(xl-, Vui) : Vul-dxi

B(xo,1) B(xo,r)

= f (E(x;, V) — E(x;, VR)) - (Vu; — VR)dx;
B(XO,T')

+j E(xl-, Vh) : (Vui - Vh)dxl + f E(xi,Vui) . Vhdxl'
B(xq,7) B

(XO,T')

< j (E(x;, V) — E(x;, VR)) - (Vu; — VR)dx;
B(x0.R/3)

+ Af (|\VAIE|V| + [VR]|Vay]©)dx; + Af |Vh|1*edx;
B(xq,7) B

(xO'T)

where the structural hypotheses outlined in (1.3)- (1.5) were implemented. We
subsequently employ Young's inequality along with the conditions that

—div E(x;, Vu;) = p; and h is E-harmonic with h — u; € W,"'*¢(B(xo, R/3) to
achieve the desired outcome.

AJ |Vui|1+£dxi
B(xO'T)

2
< f |U,i - h|1+sd,ui + —f |Vui|1+8dxj + 6[ |Vh|1+ dei
B(xo.R/3) 2 JB(xor) B(xor)
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A
< osc(ui,B(xo, R/3)),ui(B(x0,R/3)) + Ef |V |1 €dx;
B(xo,1)

rn—1+e)+(1+ )
v (D) | wareeds,
R B(x0.R/3)

In the final inequality, we applied equation (2.2) and the concept of minimality.

O<u;—h< sup u;— inf h= sup u;— lim inf h
B(xo,R/3) B(x0,R/3) B(xo,R/3) e—R/3—1 dB(xq,p)
= sup u;— inf wu; = osc(u;,B(xo, R/3)).
B(xo,lg/3) ' 0B(xoR/3) (i, B(xo, R/3))

Given that £-harmonic functions serve as quasiminimizers of the (1 + ¢)-
Dirichlet integral, we can deduce from ([2],[4]) that

J |Vui|1+ de]
B(xo,1)

n—(1+ &)+(1+ &)k
EOEIRTL—(1+€)+(1+E)[31 4 4¢ (1) .[
R

IA

2
_ |Vui|1+6dxi,
A B(xo.R)

subsequently, the lemma is derived from ([3],[15]).
By using the Dirichlet growth theorem (see to [11]), we can derive:

Corollary 2.5: In the setup of Lemma 2.3, it is stated that u; belongs to the
space C%A1(B(xy, R)), where B; = a + (B — a)/(1 + ¢).

Proof of Theorem 2.1 and Corollary 2.2: It can be assumed that an a < k,
where k is as mentioned above. Ensure that the value of g is greater than 0 but
less than «, and that the ball B(x,, R) is a subset of ;. It is established (see to
[6]) that u; is an element of the space C%Po(R;) for some 0 < B, < a. It is
important to note that at this stage, the only requirement is that u; be locally
limited. Therefore, Corollary 2.5 implies that

u; € C%P1(B(xo,R)),

were
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By utilizing Corollary 2.5 once more, this time with 3, we derive
u; € C%P2(B(xy,R)),
where

pr—«a Po—a
pp=at 1+¢ _a+(1+£)2

Continuing in this manner, we can conclude that u; is locally S,-HOolder
continuous after a finite number of steps, say k. Then

_ Bo—«a
ﬁk—CH‘mZﬁ,

therefore
ul' E CO'B(B(XO: R)))
as requested.

Remark 2.6: It is important to consider that, based on the evidence provided by
the proof of Lemma 2.2 and the Dirichlet growth theorem, the exponent k in
equation (2.2) can be considered as the most optimal local Ho1der exponent for
E-harmonic functions. Furthermore, let's assume that u; belongs to the space of
functions that are continuous up to the boundary with a Holder exponent of « in
the domain £2;, and that it is E-superharmonic. According to the Caccioppoli
estimate (refer to [3,5]), we can deduce that for any ball B(x,,r) contained
within B (x,, 3r) and £;:

ui(B(xg,7)) < J n du; = j E(x;, Vu;) - Vn; dx;
B(xq,27)

B(xOIZT)

g/(1+ ¢) 1/(1+¢)
<é <j |V |1+ e dxj> (f |V |1+ ¢ dxi>
B(x0,27) B(x0,21)

< grn—(1+ ‘9)osc(ui,B(xo, 37~))£ < gr(n-D+(a-1e

where n; is the standard cut-off function in the ball B(x,, 2r) withn; =1 and
In;| < 2/r, and n; € Cy°(B(xy,21)). Therefore, Theorem 2.1 and its corollary
2.2 are fundamentally sharp; however, it is uncertain whether it is possible to
achieve the limit exponent min(e, k).
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3. Application of Corollary 2.2:

We apply Corollary 1.2 and create a (1 + ¢)-harmonic function h in an open set
0. for the given numbers 0 < f <y < 1, such that

h € COF (Q)I\COY (£2)).

Assumethatd = (n — 1) + (@ — 1)e and fix a € (B,y).Consider a compact
Cantor set, denoted by C, contained within the open unit ball B(0,1). Assume
further that the d-dimensional Hausdorff measure of C is strictly positive.
however, it is limited. Subsequently, we identify a nonnegative finite Radon
measure y; such that the support of y; is contained within C, u;(C) > 0, and

i (B(x;,1)) <71

for all spheres B(x;,r).. For the establishment of such a set and Frost's lemma

(see [1]).
Let u; € W, (B (0,2)) be (1 + &)-superharmonic with

=Dy el = 1y

Write £2; = B(0,1)\C and h = u; \ ;. Then, his (1 + €)-harmonic in £2;, and,
by Corollary 2.2, h belongs to the space C%#(#;).. Furthermore, h is not
Holder continuous with any exponent y > «, it would possess a (1 + ¢)-
harmonic extension throughout the entirety of the ball (0,1) if it were. This is
preposterous, as w;(C) > 0. The removability result is effectively sharp, as
demonstrated by this example (refer to [7]).

Lastly, we would like to mention that the property that would be achieved
by a more meticulous formulation of the measure ; is as follows:

pi(B(xi,7))

>0

lim sup,_q

For every element x in the set C, and as a result,

Ui (B(xi; 7")) — o
rn=D+F-De

lim sup
r—0
For every value of y that is greater than a. Therefore, based on the inequality
stated in Remark 2.6, we can conclude that y; is not y-H61der continuous at any
point x € C.
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