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1. Introduction and Preliminaries

Finsler geometry is a kind of differential geometry. It usually consider as a generalization
of Riemannian geometry. In this research, we use a methodology based on previous theories
and spaces in Finsler geometry. Here we focus on the relationship between the
Holomorphically projective curvature tensor Pi’}k and curvature tensor Pl’]‘k
The importance of the research lies in studying this relationship and developing it in more
general spaces with two connections.

The relationship between the curvature tensors Ruk, W"k and P, k in generalized
recurrent and birecurrent Finsler space in sense of Berwald discussed by [1, 5]. Srivastava [17]
defined special R-generalized recurrent Finsler spaces of the order two.
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Further, the generalized BP —tri-recurrent space and generalized P —tri-recurrent space
introduced by [2, 3]. The generalized P —tri-recurrent space discussed by Qasem et al. [13].

An n —dimensional Finsler space F, equipped with the metric function F(x,y) satisfying
the three conditions [6, 18]. The vector y; , g;; and g¥ are defined by

L1 oy =gy ¥

gtk = k =

In view of Egs. (1.1) and (1.2), we have
(13) &y =", 8/ gir = gjr and SkYi = Vi
The tensor Cjjy is defined by [8]
Cijk Z% 0i gjk = i 0; 0; Oy F*
The above tensor satisfies the following [8, 10, 16]
(14)  Cuy' =Cijy' =Cuy =0 and 8k Ciit = Cjrar -
Berwald introduced a covariant derivative, this derivative denoted by B,. This derivative with
tensor T}/ is defined by
BT} = 0k Tf — (0, T} ) Gk + T] Gpy — T} G
The covariant differentiation in Berwald sense of the vector y* and metric tensor g; j satisfy
(15) Bry'=0 and Bigij = —2y" By Cijie = =2 Cyjpn Y™
Cartan h —covariant derivative with x* is given by [7, 15]
X =0k X' — (0. X)) Gy + X" Tk,
where T;iis a function called it Cartan’s connection parameter. Therefore, the covariant

differentiation in Cartan sense of y' and gi; are vanish identically i.e.

(1.6) Y4y =0 and Gijey = 0.

The curvature tensor Rj, is defined by [15]
Rjkn = 0nTic + (0iTji ) Gic + Cion (9nGi™ - it Gi) + T ™ — h/k,
which satisfies
(1.7) Rl = Rix.
The tensor R}'kh , its associative R, , R-Ricci tensor R;, and curvature vector Ry satisfy [11,
12]
(1.8)  Ryjkn = Gri Rin » Ryl = Ry and Riny? = Hin = Kjyny?.
The tensor jikh called hv —curvature tensor is defined by [4, 9, 15]
Pen = Onljie + G Piy, — c

jhik
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The associate tensor Py, torsion tensor PL, and P —Ricci tensor Py of hv —curvature tensor
P/, satisfies the relations
(L9 Pikn = Ggir Phns  Pny’ = Pin = Cppy¥".  Pja =P and Py, =0.

The generalized tri-recurrent space in Berwald and Cartan senses which are characterized
by the conditions [2, 3]
(1.10) BleBnPjikh = almnPjikh + blmn(Sjigkh — 61 9jn)

_zytcmnBt(SjiCkhl — 84 Ciny) — ZytdlnBt(5]'iCkhm — 8k Cinm)
—ZytHnBth(5jiCkhm - 51i< thm)!

(111)  Phnayimym) = CmnPiin + domn (8] Gin — 8k gjn) »
respectively, where apnn, = Biumn + Umndi @A bynn = BiVmn + Umnld; are non — zero
covariant tensors field of third order, ¢,,, = v, and dg,, = B;u, are non — zero covariant
tensor field of second order. B;B,,B,, is the differential operator in Berwald sense with x™, x™
and x!, successively. Also, c;pm, = Aim(n) + AmAn AN dypp = Appin + byn () are non — zero
covariant tensors field of third order. (1)(m)(n) is the differential operator in sense of Cartan
with x!, x™ and x™, successively. The mentioned spaces are denoted them by G(BP) — TRE,
and G(P") — TRE,. Also, the tensors which satisfy the conditions (1.10) and (1.11) are called
generalized B —tri-recurrent tensor and generalized h —tri-recurrent tensor.

Transvecting the condition (1.10) by y/, applying Egs. (1.3), (1.4), (1.5) and (1.9), we
get
(1.12)  BBmByPin = GimnPin + bumn (Y Gin — 6k Y1) — 2Y" CrinBe (¥ Cina)

_ZytdlnBt(inkhm) - Zyt.unBlBt(inkhm)-

Contracting i and h in the condition (1.10), applying Egs. (1.3), (1.4) and (1.9), we get
(1.13) BByBy Pix = aimn Pik -
Transvecting (1.11) by g;,-, using Egs. (1.3), (1.6) and (1.9), we get
(L14)  Prjinayamyn) = Cimn Prjkn + dimn(9jrGkn — GirGjn) -
Transvecting (1.11) by y/, using Egs. (1.1), (1.3), (1.6) and (1.9), we have
(1.15)  Pinyimymy = CmnPin + dimn (Y Gren — 6 vn) -
Contracting i and h in the condition (1.10), using Egs. (1.3) and (1.9), we have
(1.16) Pixiyomy) = CtmnPik -
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2. Main Results

In this section, we focus on the conditions for }kh that be generalized tri-recurrent in two
senses. The holomorphically projective curvature tensor Pi’}k is defined by [14]
(21) Pl = Ry +—= (RucS]' — RO + SuFl' — Sd + 25, FD),
where S;; = Ff Rg;. Transvecting Eq. (2.1) by g, using Egs. (1.3), (1.8), (1.9) and put
(9mF* = gj1), we get
(22)  Prjk = Ryjic + ﬁ (Ri 9jr — Rjk Gir + Sik 9jr — Sjk 9ir + 2 Sij Gier)-
Transvecting Eq. (2.1) by ¢, using Egs. (1.3), (1.8) and (1.9), we get
(23) P =H}+—(Ri8]' = Rie y" + SiF = S v + 2 S;F) .
Contracting i and h in Eq. (2.1), using Egs. (1.2), (1.7), (1.9) and put (Sl-iji = Sjx), Wwe get
(24) Py =Ry +— [(1 = )Ry + (3 —n) Sp] .
Theorem 2.1. In G(BP) — TRF, , the tensor ( Ry8/* — R 8] + SucFl* — Sp8* + 2 Si;FyY)
behaves as tri-recurrent if R{ljk is a generalized B —tri-recurrent tensor .
Proof. Assume that a G(BP) — TRE,, i.e. characterized by the condition (1.10). Taking
B —covariant derivative for Eq. (2.1) thrice with respect to x™, x™ and x!, then applying the
condition (1.10), we get
BleBanhjk = almnpii]l'k + blmn((sihgjk - 5jhgik) - ZytcmnBt(aithkl - 6jhcikl)
=2y*dinBe (87 Citom — 8/ Cutam) — 25 UnBiBe (8 Cjtam — 7" Cikom)
—— BB, By (RueS]' — RSl + SucF' — Sl + 2 Sy ).
Using Eqg. (2.1) in above equation, we get
B/BinBn thjk = almnRihjk + blmn(5ihgjk - 5jhgik) - ZytcmnBt(aithkl - 5thikl)
=2y dinBe(8{' Cikom — 8" Cikem) = 2 U BiBe (87" Cjiom — 7' Ciem)
if and only if
BBy By (Rik6)' — RjeS' + SucF* — S8 + 2 S F)
= aymn (R — RiSl' + SucF — Spedl + 2 Sy F).
The above equation refers to required.
Now, we have two corollaries related to the previous theorem. Taking covariant

differentiation in Berwald sense for Eq. (2.3) thrice with x™, x™ and x!, then applying Eq.
(1.12), we get

BleBnHj’Ilc = almnpjrli + blmn(yhgjk - 6]'hyk) - ZytcmnBt(thjkl)
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~2y*dBe(¥" Citam) — 2 tnBiB(Y" Cjtem)

—ﬁ B BnBn (R — Ry ¥ + SkFl — Sj y" + 2 S;FD).
Using Eq. (1.10) in above equation, we get
(2.5) BleBnHﬁc = almnHj’Ilc + bpynn (V" g1 — 5th’1<) — 2y crinBe (Y Cjrar)

=2y B (¥"Cikm) — 2y 1nBiBe(¥" Citem)
if and only if
(26)  BBnBn(RS]' — R " + SkF' — Sje y" + 2 S;F)

= A Ri8" — Ri 6] + SucF* — Siw 6] + 2 Sy F).

The equation (2.6) refers to required. Thus, we conclude

Corollary 2.1. The tensor (Ry.8/ — Ry 8] + Sy F* — Sy 8" + 2 S;;F{) behaves as tri-
recurrent if the covariant differentiation in Berwald sense of third order for H},’c is given by Eq.
(2.5) in G(BP) — TRE, .

Taking B —covariant derivative for Eq. (2.4) thrice with respect to x™, x™ and x!, then
applying Eq. (1.13), we get
BB By Rjt = QimnPiic = —5BiBmBr [(1 = MRy + (3 — 1) Spi]
Using Eq. (2.4) in above equation, we get
(27)  BiBnBuRjk = QimnRjik
if and only if
(2.8)  BBmBn [(1 —n)Rjx + (3 = )Sjk] = aymn [(1 —)Rjx + (3 — 1) Sj].
From equations (2.7) and (2.8), we conclude

Corollary 2.2. The behavior R —Ricci tensor Rj; is tri-recurrent if and only if the tensor
[(1 —n)Rjx + (3 —n) Sjx] behaves as tri-recurrent in G(BP) — TRE, .

In the following theorem, we infer the condition for R{ljk that be generalized tri-recurrent in
Cartan sense.

Theorem 2.2. In G(P") — TRE, , the tensor ( Ry8/* — Rjx 8l + SucFl* — Sj8]' + 2 Si;FyY)
behaves as tri-recurrent if R{‘jk is a generalized h —tri-recurrent tensor.

Proof. Let us consider a G(P") — TRE,, i.e, characterized by the condition (1.11). Taking
covariant differentiation in Cartan sense for Eq. (2.1) thrice with x™, x™ and x!, then applying
the condition (1.11), we get

REkaymymy = Comn Pl + dimn (8! g1 — 6] girc)

1
n+2

(Ri8* — Rix8" + SucF* — Siw8]' + 2 Sy F{) iy omy -
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Using Eq. (2.1) in above equation, we get
Re@ymymy = Ctmn Pl + dimn (87 9k — 6] gurc)
if and only if
(Rix8]' — Ry + SucF* — Sl + 2 SiiFD) yamymy
= Cimn (Rix8]' = Rj O] + SucFl* = Spe 81 + 2 Si;F).
The above equation refers to required.

Now, we have two corollaries related to the previous theorem. Taking covariant
differentiation in Cartan sense for Eq. (2.2) thrice with x™, x™ and x!, then applying Eq. (1.14),
we have

Ry jknymy)m) = Comn Prjien + m(9irGjic — 9jr Gire)

- ﬁ (Rik 9jr — Rjk 9ir + Sik 9jr — Sjk Gir + 2 Sij Grr) 0y (m)(n)-
Using Eq. (2.2) in above equation, we infer
29 Rejin@mm@m = CmnRrjkn + dimn(9irGjx — 9jrGixe)
if and only if
(210)  (Rix 9jr — Rjk 9ir + Sik 9jr — Sjk Gir + 2 Sij Jer) )m)(m)
= Cymn( Rik 9jr — Rix Gir + Sik 9jr — Six Gir + 2 Sij Grr)-

Taking covariant differentiation in Cartan sense for Eq. (2.3) thrice with respect to x™, x™ and
x!, then applying Eq. (1.15), we get

Hjillc(l)(m)(n) = ClmnPj}Ilc + dlmn(yhgjk - 5jh)’k)

—— (RS = Rie Y + SiFl = Sie ¥ + 2 SiFD @y amy -
Using Eq. (2.3) in previous equation, we get
211)  Hfiwymym) = Comn Hi + dimn (V" g1 — 8 vic)
if and only if
(212)  (Ri8! — R ¥" + SkF* = S v" + 2 S;iFD) yamymy
= Cimn(Ri8 — Rix ¥" + SkF* — S y" + 2 S;F) .

From equations (2.10) and (2.12), we conclude

Corollary 2.3. In G(P") — TRE,, the tensors (Rik 9jr — Rik 9ir + Sik 9jr — Sjx Gir +
25;; gkr) and (Ry68]' — Ry y" + Sk F* — Sj y" + 2 S;Fyt) behave as tri-recurrent if the
covariant differentiation in Cartan sense of third order for R, ., and I-Ij’}c are satisfied by

Egs.(2.9) and (2.11), respectively.
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Taking covariant differentiation in Cartan sense for Eq. (2.4) thrice with respect to x™, x™ and

x!, then applying Eq. (1.16), we infer
1

— [(A =Ry + (3 = 1) Skl )y, -

Using Eq. (2.4) in previous equation, we get

Rikymymy = CumnPi —

(213)  Rixyemym) = CimnRjk

if and only if

(214) [QA—=nRj+ B —n) Skl yemym = Cumn [(L — MR + (3 — 1) Sjie]-
From equations (2.14), we conclude

Corollary 2.4: The behavior R —Ricci tensor Ry is tri-recurrent if the tensor [(1 —n)Rj, +

(3 —n) Sjx] behaves as tri-recurrent in G(P") — TRE,.

3. Conclusions
The condition for R{‘jk which be generalized tri-recurrent tensor in G(BP) — TRE, and
G(P™) — TRE, has been obtained. Further, various identities related to above mentioned spaces

have been studied.

4. Significance of Study

In previous study, we discussed the relationship between Pl-’}k and Rfljk in generalized
recurrent and bi-recurrent Finsler spaces in Berwald sense. The importance of this study is to
find a generalization and study this relationship in a generalized recurrent Finsler space of third

order with two connections.
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